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(57) ABSTRACT 

A method for correcting mis-focus of an image created from 
coherent imaging using centered fractional Fourier trans 
forms or mathematical equivalents is described. A received 
image is presented to a numerical processor, and a ?rst 
numerical value for a variable 0t is selected and used in an 
iterative algorithm, numerical procedure, system architec 
ture, etc. A centered discrete fractional Fourier transform of 
power 0t and a phase restore operator associated With a cen 
tered discrete fractional Fourier transform of power 0t are 
applied to the image ?le to produce a modi?ed image. A 
change in mis-focused is determined and used in adjusting 0t 
for a next iteration. 1f values for 0t between 0 and real number 
[3 do not result in a desired outcome, (1. is adjusted as a 
complex value [3+ix Where X is a real number. 
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CORRECTION OF MIS-FOCUS IN 
RECORDED IMAGES USING CENTERED 
DISCRETE FRACTIONAL FOURIER 

TRANSFORMATIONS WITH 
HIGH-ACCURACY ORTHONORMAL 

EIGENVECTORS 

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

Pursuant to 35 U.S.C. §119(e), this application claims ben 
e?t of priority from provisional patent application Ser. No. 
61/261,358, ?led Nov. 15, 2009, the contents of Which is 
incorporated by reference in its entirety. 

Further, this application is related to US. Pat. Nos. 6,687, 
418; 7,054,504; 7,203,377; 7,039,252; 7,627,195; 7,697,777, 
and copending US. patent application Ser. Nos. 12/101,878 
and 12/754,587, all having the same inventor. 

BACKGROUND OF THE INVENTION 

1. Field of the Invention 
The invention relates to the use of operator group proper 

ties of the fractional Fourier transform for correction of mis 
focus in stored digital images produced by coherent optics 
such as laser imaging, transmission electron microscope 
imaging, particle-beam imaging, coherent X-ray imaging, 
etc. More speci?cally, the invention relates to the creation of 
centered discrete fractional Fourier transformations With 
high-accuracy orthonormal eigenvectors for the correction of 
underfocus and overfocus, and for an automatic control sys 
tem that automatically improves the focus of a mis-focused 
image. 

2. Background of the Invention 
Although consumer cameras increasingly provide auto 

matic focusing features useful at the time of shooting, in 
many situations all that exists is an image or video that is 
out-of-focus and the scene or situation cannot be repeated for 
the bene?t of a neW photograph or video to be taken. 

The term “blur” is usually reserved for motion blur rather 
than mis-focus effects, although the term “blur” can include 
mis-focus effects. HoWever, mis-focus (resulting from mis 
adjusted optics, such as a lens mis-setting) fundamentally 
differs from motion blur (resulting from motion of the subject 
or the camera). 

Motion blur is relatively easily corrected With numerous 
textbook algorithms [4,5] and several available current prod 
ucts. Numerous techniques have been developed for the cor 
rection of motion blur. HoWever, mis-focus effects are fun 
damentally different from motion blur. Statistically-based 
processes useful for motion blur can be applied the effects of 
mis-focus, and can in some cases offer marginal improve 
ment, but a corrected focus is outside the reach of such algo 
rithms. Typically attempts to correct mis-focus With blur cor 
rection or any other knoWn techniques almost Without fail 
give very poor results. Aside from the body of Work to Which 
this patent application pertains, there are no knoWn mis-focus 
correction algorithms, Thus if one has a photograph or video 
of an irreproducible situation that is out-of-focus, there has 
been simply no recourse. 

Image mis-focus is not restricted to conventional optical 
systems such as photography, video, and optical microscopes. 
Image mis-focus also occurs With laser systems, electron 
microscope imaging, particle-beam imaging, coherent X-ray 
imaging, etc. This second collection of applications employs 
coherent electromagnetic radiation. In contrast, conventional 
optical systems such as ?lm and digital photography, video 
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2 
cameras, and optical microscopes employ normal light (“in 
coherent electromagnetic radiation”). 

This invention addresses the need for correcting mis-focus 
in existing images created by “coherent electromagnetic 
radiation” imaging. The technique includes use of a math 
ematical transformation knoWn as a fractional Fourier trans 
form [1-3]. The invention uses algorithms executing on a 
processor to numerically correct underfocus and/ or overfocus 
conditions in images or portions of images created With 
coherent light (laser), coherent electron beams (transmission 
electron microscopes), and potentially those of coherent 
microWaves (masers), coherent X-ray imaging, and other 
coherent imaging systems. 

In an example realiZation, the invention corrects mis-focus 
of at least a portion of an image created from coherent imag 
ing in an image ?le on a numerical processor using a tWo 
dimensional centered fractional Fourier transform or math 
ematical equivalents. A received image is presented to a 
numerical processor, and a ?rst numerical value for a variable 
0t is selected and used in an iterative algorithm executing on 
the numerical processor. A tWo-dimensional centered dis 
crete fractional Fourier transform operator of poWer 0t and a 
phase correction operator associated With a tWo-dimensional 
centered discrete fractional Fourier transform matrix of 
poWer 2-0. are both applied to the at least a portion of the 
image ?le to produce a modi?ed at least a portion of the image 
?le Which is inspected. A change in the mis-focused condition 
With respect to the original mis-focused condition is deter 
mined and used in adjusting the numerical value for the 
variable 0t to a neW value for use in a next iteration of the 
numerical procedure. If real values for 0t betWeen 0 and a real 
number [3 do not result in a desired outcome, 0t is adjusted to 
a complex value of the form [3+X Where X is an imaginary 
number. 

SUMMARY OF THE INVENTION 

A method for correcting mis-focus of image ?le created 
from coherent imaging using centered fractional Fourier 
transforms or mathematical equivalents is described. A 
received image is presented to a numerical processor, and a 
?rst numerical value for a variable 0t is selected and used in an 
iterative numerical procedure, algorithm, system architec 
ture, etc. A centered discrete fractional Fourier transform of 
poWer 0t and a phase restore operator associated With a cen 
tered discrete fractional Fourier transform of poWer 0t are 
applied to the image ?le to produce a modi?ed image. A 
change in mis-focused is determined and used in adjusting 0t 
for a next iteration. If values for 0t betWeen 0 and real number 
[3 do not result in a desired outcome, 0t is adjusted as a 
complex value [3+iX Where X is an real number. 

Various aspects of the invention include: the tWo-dimen 
sional centered discrete fractional Fourier transform operator 
of poWer 0t is applied either before or after applying the phase 
correction operator associated With a tWo-dimensional cen 
tered discrete fractional Fourier transform matrix of poWer 
[3-0t; the tWo-dimensional centered discrete fractional Fou 
rier transform operator is de?ned so that the number 11 is 0; the 
tWo-dimensional centered discrete fractional Fourier trans 
form operator is de?ned so that number [3 is 2. 

In another aspect of the invention, the tWo-dimensional 
centered discrete fractional Fourier transform operator or the 
phase correction operator is represented as a 4-dimensional 
tensor or a 4-dimensional array. 

In another aspect of the invention, the tWo-dimensional 
centered discrete fractional Fourier transform operator is 
applied as a ?rst one-dimensional centered discrete fractional 
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Fourier transform matrix operating on columns of the image 
?le and a second one-dimensional centered discrete fractional 
Fourier transform matrix operating on roWs of the at least 
portions of the image ?le. 

In another aspect of the invention, the phase correction is 
applied as a ?rst one-dimensional phase correction operator 
matrix associated With a tWo-dimensional centered discrete 
fractional Fourier transform matrix of poWer [3-0t operating 
on columns of the at least portions of the image ?le and a 
second one-dimensional phase correction operator matrix 
associated With a tWo-dimensional centered discrete frac 
tional Fourier transform matrix of poWer [3-0t operating on 
roWs of the at least portions of the image ?le. 

The focus correction can be used on images created from 
coherent imaging, coherent light imaging, or coherent par 
ticle beam imaging. 

BRIEF DESCRIPTION OF THE DRAWINGS 

The above and other aspects, features, and advantages of 
the present invention Will become more apparent upon con 
sideration of the folloWing description of preferred embodi 
ments, taken in conjunction With the accompanying draWing 
?gures. 

FIG. 1 depicts an exemplary geometric optics setup for the 
lens laW in the case of a convex-convex thin-lens With focal 
length “f.” 

FIG. 2 depicts a setup and notation for mathematical mod 
eling of an exemplary geometric optics setup such as that 
depicted in Figure A (FIG. 1). 

FIG. 3 depicts a point source of light radiating in an 
expanding spherical Wavefront incident on an optical ele 
ment, the optical element redirecting the radiating light in a 
convergent spherical Wave that converges to a point in the 
“focus plane,” not yet converged in the “underfocus region,” 
and divergent again in the “overfocus region.” 

FIG. 4 depicts an adaptation of FIG. 3 comprising three 
point sources With additional exemplary light rays or particle 
beam rays so as to shoW the differences betWeen exemplary 
underfocus and overfocus processes. 

FIG. 5 depicts the fractional Fourier transform for all real 
values of the poWer 0t is a one-parameter unitary operator 
group of period 4 that is isomorphic to the circle group. 

FIG. 6 shoWs the behavior of the unique analytical con 
tinuation of the arccosine function for arguments taking on 
values betWeen —2 and +2. 

FIG. 7 shoWs example behavior of the arccosine fractional 
Fourier poWer formula, such as in [3], for observation sepa 
ration distance b taking on values between 1 and 3 in the case 
of focal length fIl and source separation distance a:2. 

FIG. 8 depicts an adaptation of the arrangement depicted 
earlier in FIG. 3 and FIG. 4 adapted for discussion of mis 
focus correction. 

FIG. 9 and depicts an exemplary image information How 
for a focus correction system. 

FIG. 10 collectively depicts an exemplary algorithmic 
structure for a focus correction system. 

FIGS. 11a-11c depict representations of the range and 
domain of an n-dimensional DFT matrix. 

FIG. 1211 provides a table of example values of eigenvalue 
multiplicities of a discrete Fourier transform (DFT) matrix 
de?ned With negative exponential argument for example val 
ues of n. 

FIG. 12b provides a table of example values of eigenvalue 
multiplicities of a discrete Fourier transform (DFT) matrix 
de?ned With positive exponential argument for example val 
ues of n. 
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4 
FIGS. 13a-13e depict representations of an eigenspace 

spectral decomposition of an n-dimensional DFT matrix. 
FIG. 14 depicts the “Fourier ring” representing the period 

icity of the l-dimensional DFT. 
FIG. 15 depicts the “Fourier torus” representing the tWo 

fold periodicity of the 2-dimensional DFT. 
FIG. 16 depicts an example of the structure of a centered 

DFT matrix of odd-order. 
FIG. 17 depicts this example construction of a l-dimen 

sional centered fractional discrete Fourier matrix of order n. 
FIG. 18 depicts this example construction of the P (eigen 

vector) matrix associated With a l-dimensional centered frac 
tional discrete Fourier matrix of order n. 

FIG. 19 depicts an exemplary closed-form rendering of 
linearly dependent eigenvectors of the DFT matrix or order n. 

FIG. 20 provides an example path through iterated appli 
cations of a Gram-Schmidt algorithm for each image dimen 
sion, the application of the centering operations, and con 
struction of the tWo l-dimensional discrete fractional Fourier 
transform matrices. 

FIG. 21 depicts an exemplary closed-form rendering of 
orthogonal eigenvectors of the DFT matrix or order n. 

FIG. 22 provides an example path through iterated appli 
cations of a Gram-Schmidt algorithm for each image dimen 
sion, the application of the centering operations, and con 
struction of the tWo l-dimensional discrete fractional Fourier 
transform matrices. 

FIG. 23 depicts the general framework for iteratively 
applying the real or imaginary values of the poWer variable 0t. 

FIG. 24 depicts representations of both a CTEM and a 
STEM electron microscope. 

DETAILED DESCRIPTION OF THE PREFERRED 
EMBODIMENTS 

In the folloWing detailed description, reference is made to 
the accompanying draWing ?gures Which form a part hereof, 
and Which shoW by Way of illustration speci?c embodiments 
of the invention. It is to be understood by those of ordinary 
skill in this technological ?eld that other embodiments can be 
utiliZed, and structural, electrical, as Well as procedural 
changes can be made Without departing from the scope of the 
present invention. Wherever possible, the same reference 
numbers Will be used throughout the draWings to refer to the 
same or similar parts. 

1. Integral Representation of Lens Imaging 
FIG. 1 depicts the standard geometric optics setup for the 

lens laW in the case of a convex-convex thin-lens With focal 

length “f.” The incident image is separated by a distance of 
“a” from the idealiZed thin-lens. 

FIG. 2 depicts a setup and notation for mathematical mod 
eling of an exemplary geometric optics setup such as that 
depicted in FIG. 1. Using the setup and notation of FIG. 2, the 
general ray-tracing calculation in the case of coherent light 
(i.e., from a laser) of Wavelength 7» is Well-known [6-8] and 
can be Written as 
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